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Many-body effects on graphene conductivity: Quantum Monte Carlo calculations
D. L. Boyda,1, 2, ∗ V. V. Braguta,2, 3, 4, † M. I. Katsnelson,5, 6, ‡ and M. V. Ulybyshev7, 8, §
1Far Eastern Federal University, Vladivostok, 690091 Russia
2Institute of Theoretical and Experimental Physics, 117259 Moscow, Russia
3School of Biomedicine, Far Eastern Federal University, Sukhanova 8, Vladivostok, 690950 Russia
4Moscow Institute of Physics and Technology, Institutskii per. 9, Dolgoprudny, Moscow Region, 141700 Russia
5Radboud University, Institute for Molecules and Materials,
Heyendaalseweg 135, NL-6525AJ Nijmegen, The Netherlands
6Ural Federal University, Theoretical Physics and Applied Mathematics Department, Mira Str. 19, 620002 Ekaterinburg, Russia
7Institute of Theoretical Physics, University of Regensburg,
D-93053 Germany, Regensburg, Universitatsstrasse 31
8Institute for Theoretical Problems of Microphysics,
Moscow State University, Moscow, 119899 Russia
Optical conductivity of graphene is studied using Quantum Monte Carlo calculations. We start
from Euclidean current-current correlator and extract σ(ω) from Green-Kubo relations using Backus-
Gilbert method. Calculations were performed both for long-range interactions and taking into
account only contact term. In both cases we vary interaction strength and study its influence on
optical conductivity. We compare our results with previous theoretical calculations choosing ω ≈ κ
thus working in the region of the plateau in σ(ω) which corresponds to optical conductivity of Dirac
quasiparticles. No dependence of optical conductivity on interaction strength is observed unless
we approach antiferromagnetic phase transition in case of artificially enhanced contact term. Our
results strongly support previous theoretical studies claimed very weak regularization of graphene
conductivity.
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1. INTRODUCTION
Low-energy electronic properties of graphene in single-
particle approximation are determined by fermionic ex-
citations in pz band with a linear relativistic dispersion
relation E = vF |p| and the Fermi velocity vF ≃ c/300
[1–5]. Due to the smallness of the Fermi velocity vF ≪ c
magnetic interaction between fermion excitations and re-
tardation effects are negligible. As a result, the interac-
tion between quasiparticles is instantaneous Coulomb law
with effective coupling constant
α =
1
ǫ
c
vF
1
137
(1)
where ǫ is dielectric permittivity of surrounding media.
For suspended graphene the effective coupling constant
is sufficiently large α0 ≈ 2. Quite strong interaction be-
tween fermion excitations in graphene results in a rich
variety of phenomena [6]. In particular, “relativistic” in-
variance of the theory is destroyed by renormalization
of the Fermi velocity which turns out to be strongly
k-dependent, k is the wave vector. This prediction [7]
has been recently confirmed experimentally [8, 9]. Accu-
rate procedure of mapping of full electron Hamiltonian
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onto pz subspace results in a noticeable screening of ef-
fective interaction potential at intermediate distances in
comparison with the bare Coulomb [10] which does not
change qualitatively perturbative results [11] but shifts
the point of semimetal-insulator transition making freely
suspended graphene semimetallic [12].
An interesting observable for which one can expect
sizable renormalization is the optical conductivity σ(ω).
The σ(ω) describes electric current in graphene resulting
from external electric field j(ω) = σ(ω)E(ω). In the non-
interacting theory of Dirac quasiparticles the conductiv-
ity does not depend on frequency in the limit of zero
temperature and zero doping. It equals to[14] σ0 =
1
4
in the units of e
2
~
. The difference of the σ(ω) from the
value σ0 can be attributed to the interaction between
quasiparticles. Experimental data on the optical con-
ductivity did not find [15–17] any deviation from the re-
sult of single-particle theory, within experimental error
bar, a few percent. This seems to be surprising keep-
ing in mind that many-body effects change dramatically
the single-electron spectrum and electron compressibility
[8, 9].
There are a lot of papers devoted to the leading-order
perturbative correction to the value σ0 [18–26] which
present different results. In general, all these papers can
be divided into two groups. First of all, it was proven in
Ref. [23] that non-renormalization of conductivity in the
limit of zero frequencies for weak on-site interaction is a
rigorous result following from symmetry required exact
cancellation of self-energy and vertex contributions. This
2work was based on renormalization group treatment of
Hubbard model on honeycomb lattice. Thus, long-range
interactions were not taken into account. Earlier, the ab-
sence of renormalization was demonstrated phenomeno-
logically based on Fermi-liquid theory [24]. Whereas the
system of electrons with contact interaction at the hon-
eycomb lattice is probably Fermi liguid, for the case of
long-range interactions this is not the case [6]. In the sec-
ond group of papers the influence of long-range Coulomb
tail on optical conductivity of massless Dirac fermions
was studied. The renormalization of optical conductivity
was found:
σ(ω)
σ0
= 1 + Cαeff +O(α
2
eff ), (2)
with αeff logarithmically dependent on frequency, but
the value of the constant C was disputable. Since almost
all of these papers were based on Dirac cones approxima-
tion, C was essentially dependent on the regularization
scheme used in calculations. The authors of Refs. [20, 22]
claimed rather large renormalization with C = 0.2...0.5.
On the other hand, Mishchenko [18] and Kotikov [19]
observed very small constant C ≈ 0.01. The authors of
Ref. [25] obtained C ≈ 0.26 working on honeycomb lat-
tice thus using a natural cutoff. In the most recent paper
[26] the authors calculated C taking into account non-
zero size of atomic orbitals in interaction term. Similar
to [18] they obtained very small renormalization.
This short review shows that renormalization of con-
ductivity in graphene is still an open, and quite contro-
versial, theoretical question. It seems that experiment
supports small corrections to conductivity [15–17], thus
there should exist a considerable cancellation between
self-energy and vertex corrections. From the other side,
there are not any clear physical reasons which stay behind
this cancellation. In particular, this is not the case for the
other response function, electron compressibility, where
self-energy corrections are dominant [6, 9]. What is more
important it is not clear if this cancellation takes place
for higher order perturbation theory. So, the absence
or considerable suppression of the many-body effects in
optical conductivity is important theoretical puzzle.
In this paper we are going to address the question
of many-body effects in the optical conductivity using
Quantum Monte-Carlo simulation which fully accounts
interactions between quasiparticles in a nonperturbative
way. In the second section we describe our model and
give a short review of Quantum Monte Carlo algorithm.
Since the calculation of optical conductivity is based on
linear response theory, we describe also the calculation of
current-current correlator. The third section is devoted
to the analytical continuation methods employed to ob-
tain real-time conductivity σ(ω). We present the final
dependence of conductivity on interaction strength both
for model with long-range and short-range interaction
and give a short discussion of the results in conclusion.
2. MODEL DESCRIPTION AND
CALCULATION OF CURRENT-CURRENT
CORRELATOR
Our model Hamiltonian consists of tight-binding term
and interaction part which describes the full electrostatic
interaction between quasiparticles :
Hˆ = −κ
∑
<x,y>
(
aˆ†y,↑aˆx,↑ + aˆ
†
y,↓aˆx,↓ + h.c.
)
+
∑
x={1,ξ}
m(aˆ†x,↑aˆx,↑ − aˆ†x,↓aˆx,↓)
−
∑
x={2,ξ}
m(aˆ†x,↑aˆx,↑ − aˆ†x,↓aˆx,↓)
+
1
2
∑
x,y
Vxy qˆxqˆy, (3)
where κ = 2.7 eV is hopping between nearest-neighbours,
aˆ†x,↑, aˆx,↑ and aˆ
†
x,↓, aˆx,↓ are creation/annihilation opera-
tors for spin up and spin down electrons at π-orbitals.
Spatial index x = {s, ξ} consists of sublattice index
s = 1, 2 and two-dimensional coordinate ξ = {ξ1, ξ2} of
the unit cell in rhombic lattice. Periodical boundary con-
ditions are imposed in both spatial directions. The mass
term has different sign at different sublattices. Accord-
ing to our algorithm, we should add it to eliminate zero
modes from fermionic determinant. Of course it means
that we should check the dependence of final results on
the value of mass and this check is indeed performed in
subsequent calculations.
The matrix Vxy is electrostatic interaction poten-
tial between sites with coordinates x and y and qˆx =
aˆ†x,↑aˆx,↑+ aˆ
†
x,↓aˆx,↓−1 is the operator of electric charge at
lattice site x. We use two sets of interaction potentials.
The first one (“long range interaction”) consists of phe-
nomenological potentials calculated by the constrained
RPA method [10] at small distances. It continues at
large distances by ordinary Coulomb Vxy ∼ 1/rxy. In
general this set up corresponds to suspended graphene,
further details can be found in Ref. [12]. In the second
set up (“short range interaction”) we keep only on-site
interaction equal to 9.3 eV. This number, again, accords
to Ref. [10]. In order to study dependence on interaction
strength in both cases we used rescaling of potentials
where all of them were uniformly divided by dielectric
permittivity of surrounding media ǫ. Thus suspended
graphene corresponds to the point ǫ = 1 on the plots for
long range interaction.
All calculations were performed using Hybrid Monte-
Carlo algorithm. Details of the algorithm are described
in the papers [12, 27, 28]. The method is based on Suzuki-
Trotter decomposition. Partition function exp(−βHˆ) is
represented in the form of a functional integral in Eu-
clidean time. Inverse temperature is equal to number
of time slices multiplied by the step in Euclidean time:
δτNt = β = 1/T . Since the algorithm needs for fermionic
fields to be integrated out, we eliminate all four-fermionic
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FIG. 2: The ratio of current-current correlator
calculated in presence of interaction (G(τ)) and the one
for free fermions (G0(τ)) as a function of Euclidean
time τ for different interaction strengths. Temperature
is equal to T = 0.5 eV and lattice size is 242 × 20. Both
plots show the data for zero bare mass.
terms in full Hamiltonian using Hubbard-Stratonovich
transformation. The final form of the partition function
can be written as:
Tr e−βHˆ ∼=
∫
Dϕx,ne−S[ϕx,n]| detM [ϕx,n]|2. (4)
ϕx,n is the Hubbard-Stratonovich field for timeslice n and
spatial coordinate x. Particular form of fermionic oper-
ator M is described in Ref. [12]. The absence of sign
problem (appearance of the squared modulus of the de-
terminant) is guaranteed by the particle-hole symmetry
in graphene at neutrality point. Action for hubbard field
S [ϕx,n] is also positively defined quadratic form for all
variants of electron-electron interaction used in our pa-
per. Thus we can generate configurations of ϕx,n by the
Monte-Carlo method using the weight (4) and calculate
physical quantities as averages over generated configura-
tions.
We extract conductivity from Euclidean correlation
function of electromagnetic currents:
G(τ) =
Tbc
3
√
3Ns
∑
ξ
Tr
(
e−βHˆ Jˆb(ξ)e
−τHˆ Jˆc(ξ)e
τHˆ
)
Tr e−βHˆ
, (5)
where Ns is the number of unit cells in our sample, sum-
mation over repeated indexes is implied. Jˆb(ξ) is the op-
erator of electromagnetic current flowing from the site in
the first sublattice with coordinate x = {1, ξ} towards
one of its nearest neighbours. There are three near-
est neighbours and 3 possible directions of the current:
b = 1, 2, 3. Matrix Tbc is defined as follows:
Tbc = d
2
{
1, b = c
−1/2, b 6= c , (6)
where d = 0.124 nm is the distance between nearest
neighbours in graphene lattice. We need in calculation
the explicit form of electromagnetic current operator:
Jˆb(ξ) =
∑
σ=↑,↓
Jˆσ,b(ξ) = iκ
∑
σ=↑,↓
aˆ†σ,xaˆσ,y + h.c., (7)
where x = {1, ξ}, y = {2, ξ + ρb} and shifts in rhombic
lattice are defined as follows: ρ1 = {0, 0}, ρ2 = {−1, 1},
ρ3 = {−1, 0}. The final form of the current-current cor-
relator used in Monte Caro procedure can be written
in terms of some combinations of the lattice fermionic
propagator Γ(x, τ, x, τ ′) = M−1(x, τ, x, τ ′) (see [27] for
derivation):
4G(τ) = − 2Tbc
3
√
3Ns
〈Re
∑
x1,x2,y1,y2
[
jb(y1, x1)Γ(x1, 0, x2, τ)jc(x2, y2)Γ(y2, τ, y1, 0)
]〉+
4Tbc
3
√
3Ns
〈Re
∑
x,y
[
jb(y, x)Γ(x, 0, y, 0)
] · Re∑
x,y
[
jc(y, x)Γ(x, τ, y, τ)
]〉. (8)
Here jb is current vertex:∑
ξ
Jˆσ,b(ξ) =
∑
x={s,ξ}
y={s′,ξ′}
aˆ†σ,xaˆσ,yjb(x, y), (9)
and 〈...〉 is average over configurations of hubbard field
generated according to the statistical weight (4).
The first term in expression (8) is named as connected
part and the second term is named as disconnected part
of the correlation function G(τ). Connected part was
calculated using standard stochastic estimator approach
[30]. The disconnected part is very noisy thus leading
to very large uncertainty in the Monte-Carlo simulation.
Fortunately one can argue that it is small as compared
to the connected part. For τ 6= 0 the disconnected part
is the average of the operators which are located at dif-
ferent Euclidean time slices (see equation (8)). To get
nonzero result for the disconnected contribution the op-
erators at different τ–slices must interact. However, the
interaction between different τ–slices is suppressed by one
power of the Fermi velocity. Thus the contribution of the
disconnected diagrams is very small in comparison with
connected ones and we can safely neglect them in the
correlation function (8). Explicit check of this fact was
done in the paper [27]. In particular, we refer to the the
figure 11. Profile of electron-electron interaction in our
paper differs from the one used in [27], so we can not
compare results with the same ε directly. Nevertheless,
it’s possible to use the antiferromagnetic phase transition
as a reference point. Since our setup of electron-electron
interaction corresponds to the points in the semi-metallic
phase away from the phase transition, we can use data
sets also for semi-metallic phase (ε = 10 and ε = 4) at
the figure 11 in [27] as an illustration of the fact that
disconnected part of current-current correlator is much
less than the connected one. Actually, it’s even impossi-
ble to distinguish disconnected part from zero because of
statistical errors.
Technically, we carry out the measurements of G(τ) at
lattice with Ns = 24
2 cells and 20 Euclidean timeslices
(δτ = 0.1eV−1), which corresponds to the temperature
T = 0.5 eV. The data are obtained for the set of 5 fermion
massesm = 0.05, 0.07, 0.1, 0.15, 0.2 eV. In order to study
systematic errors appeared due to the finite volume and
finite discretization step in Euclidean time direction we
also measured the correlation function G(τ) at lattice
with Ns = 18
2, Nt = 20 and lattice with Ns = 24
2,
Nt = 40 (δτ is two times smaller in the latter case). The
results of the measurements show that the finite volume
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FIG. 3: Results of test analytical continuation for free
fermions: σ¯(ω) and corresponding resolution functions.
Regularization is absent: λ = 1. Bare mass term is
introduced: m = 0.05 eV. κ = 2.7 eV is hopping
between nearest neighbours.
and finite discretization errors are of order of statistical
uncertainty ∼ 0.3%.
The bare data for current-current correlator in sus-
pended graphene is presented in fig. 1. This is the ra-
tio G(τ)/G0(τ), where G0(τ) is the correlator calculated
for free fermions in the massless limit. Data for zero
bare mass is obtained via extrapolation by the function
Gm(τ) = A(τ) + B(τ) · m2 + C(τ) · m4. It should be
noted that renormalization of the G(τ) strongly depends
5σ
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bar is statistical uncertainty. Horizontal error bar shows the
width of corresponding resolution function. It is calculated as
a width of the peak at half of its maximum height. Central
point is placed at ωc: maximum of corresponding resolution
function.
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FIG. 4: Real calculation for suspended graphene
(long-range interaction with ǫ = 1). In this case
regularization is imposed: λ = 1− 4× 10−5. Bare mass
term is introduced: m = 0.05 eV. κ = 2.7 eV is hopping
between nearest neighbours.
on the fermion bare mass m. The smaller the fermion
mass used in the calculation the smaller the change of
the correlation function G(τ) due to the interaction.
The ratioG(τ)/G0(τ) for different values of interaction
is shown in fig. 2 for the massless limit. One can see that
renormalization of the G(τ) is not very large. It doesn’t
exceed 5% for long range interaction. It becomes notice-
able only for the largest values of short-range interaction
which are close to antiferromagnetic phase transition (see
below).
3. ANALYTICAL CONTINUATION AND
CALCULATION OF CONDUCTIVITY
The next stage is transformation of Euclidean current-
current correlator to real-frequency optical conductivity
via Green-Kubo relations:
G(τ) =
∫ ∞
0
σ(ω)K(τ, ω)dω, (10)
K(τ, ω) =
ω cosh(ω(β/2− τ))
π sinh(ωβ/2)
. (11)
We used Backus-Gilbert method, recently adopted for
similar tasks in lattice quantum chromodynamics [29].
According to this method we obtain convolution of opti-
cal conductivity with resolution functions δ(ω0, ω):
σ¯(ω0) =
∫ ∞
0
δ(ω0, ω)σ(ω)dω. (12)
Resolution functions are defined as linear combinations:
δ(ω0, ω) =
Nt/2∑
j=1
qj(ω0)K(jδτ, ω), (13)
where coefficients qj(ω0) can be obtained from the min-
imization of the width of the resolution function. The
width is defined as D =
∫∞
0
(ω−ω0)2δ(ω0, ω)dω. This re-
lation guarantees the minimum width of resolution func-
tion with center close (but not exactly equal to) ω0.
We also take into account the normalization condition∫∞
0
δ(ω0, ω) = 1. The final formula for conductivity and
coefficients in (13) has the following form (see [29] for
details):
σ¯(ω0) =
Nt/2∑
j=1
qj(ω0)G(jδτ), (14)
qj(ω0) =
W (ω0)
−1
jk Rk
RnW (ω0)
−1
nmRm
, (15)
whereW (ω0)jk = λ
∫∞
0
(ω−ω0)2K(jδτ, ω)K(kδτ, ω)dω+
(1− λ)Sjk and Rn =
∫∞
0 K(nδτ, ω)dω. Sjk is covariance
matrix of current-current correlator. Summation over
repeated indices is implied. Parameter λ is used to reg-
ularize poorly-defined matrix Wjk . It rules the width of
resolution functions. If quality of data is good enough, we
can work without any regularization (λ = 1) and obtain
minimal width of the functions δ(ω0, ω). With decreasing
of λ the width of resolution functions increases but algo-
rithm becomes more tolerant to statistical errors in G(τ).
The examples of resolution functions are plotted in the
figure 3b for λ = 1 (without regularization) and in the
figure 4b for 1−λ = 1×10−5. Value of ωc gives the coor-
dinate of maximum of corresponding resolution function.
One can see that it doesn’t coincide with ω0 precisely,
but is very close to it. ωc is used as x-coordinate in the
plots for σ(ω).
Results of test calculation of conductivity for free
fermions are shown in the figure 3a. Even in calculation
of current-current correlator for free fermions we used
the same numerical procedure (stochastic estimator) [30]
as for real calculation in interacting model. Thus we
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FIG. 5: Dependence of σ¯(ωc)|ωc=1.06κ on bare mass for
λ = 1− 4× 10−5. Inset: Dependence of conductivity on
regularization constant λ for fixed mass m = 0.05 eV.
Both plots are for long-range interactions with ǫ = 1
(suspended graphene).
have some residual statistical uncertainties which give us
a possibility to check stability of the method against er-
rors in input data. It appears that test calculation for
free fermions can be performed even without any regu-
larization, so λ = 1 for all data in the figure 3.
With this test calculation we should reproduce analyti-
cal result for σ(ω) on honeycomb lattice and the figure 3a
indeed demonstrates all essential properties of free spec-
tral function σ(ω): transport peak at zero frequency, then
plateau around σ0, then van Hove singularity and final
decay at large frequencies. We conclude that we should
take resolution function with maximum around ωc ≈ κ
to reproduce right value of optical conductivity. This ωc
is large enough to get rid of the gap induced by finite
mass (we do not see any dependence on bare mass, see
below) and small enough for results not to be influenced
by van Hove singularity.
In real Monte-Carlo calculations statistical errors are
sufficiently larger and we need some regularization λ 6= 1.
Figure 4 shows optical conductivity σ¯(ω) and correspond-
ing resolution functions for suspended graphene (ǫ = 1,
long-range interaction). Since we are forced to intro-
duce regularization in this case, the width of δ(ω0, ω)
functions for large ω0 increases and we can not catch
van Hove singularity in our data. Nevertheless, width of
δ(ω0, ω) function with maximum at ωc ≈ κ is rather sta-
ble and we can still use it to estimate the value of σ(ω)
at plateau which corresponds to optical conductivity of
Dirac quasiparticles. This resolution function with maxi-
mum at ωc = 1.06κ is used in all subsequent calculations.
Now we should check independence of results on bare
mass in the Hamiltonian (3) and regularization λ. Figure
5 demonstrates results of this check in the case of full cal-
culation in interacting model. Main plot shows that we
don’t have any definite dependence on bare mass. Thus
we simply use the lowest possible m = 0.05 eV in all cal-
culations. Effect of regularization is shown in the inset.
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graphene conductivity renormalization (see eq. 2) are
plotted for reference.
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FIG. 7: Left scale: dependence of conductivity σ˜
(calculated from the middle point of current-current
correlator, see eq. 16) on the interaction strength both
for long-range and short-range interactions. Phase
transition into antiferromagnetic state is situated at
ε = 0.6...0.7 in the case of long-range interactions (see
[12]) and at ε = 0.91 (see [13]) in the case of pure
on-site interaction.
Again the dependence on λ is flat unless the instability
of analytical continuation causes sharp growth of errors
at λ → 1. According to results of this test we choose
regularization constant λ = 1− 4× 10−5.
Using this set up we plot the dependence of conduc-
tivity on interaction strength in the case of long-range
interaction (fig. 6). For reference we plot at the same fig-
ure also two variants of analytical predictions according
to eq. 2 for two different scenarios: large renormaliza-
tion with C = 0.26 and small renormalization C = 0.01.
Our data is consistent only with small renormalization
scenario while large renormalization of graphene conduc-
tivity is completely ruled out by our calculations.
In order to estimate conductivity in the case of short-
range interactions, we used alternative approach. Unfor-
tunately, statistical errors in current-current correlator
7are too large in this case and we are unable to extract
σ(ω) directly from Green-Kubo relations. We used es-
timate of optical conductivity from the middle point of
correlator (taken in the massless limit):
σ˜ =
β2
π
G(β/2)|m→0. (16)
The method was proposed in [27]. Physically it corre-
sponds to conductivity smeared over some region of fre-
quencies near ω = 0. Width of the region is approxi-
mately equal to 2T :
σ˜ =
β2
π
∫ ∞
0
dω
2π
2ω
sinh
(
1
2βω
)σ(ω). (17)
In the case of free fermions this approach gives us the
value σ˜ ≈ 0.28 which is also rather close to σ0. Re-
sults for conductivity calculation from the middle point
of current-current correlator (σ˜) are shown in the figure 7
in the case of short- and long-range interactions. Again,
this method doesn’t show any sufficient renormalization
of optical conductivity in the case of long-range inter-
action. In the case of short-range interactions we see
decrease of conductivity for large interaction strength.
Stronger renormalization in the case of pure short
range interaction is connected to the fact that antifer-
romagnetic (AFM) phase transition is closer to the ε = 1
point in the case of short-range interaction. While it
takes place at ε = 0.6...0.7 in the model with long-
range Coulomb tail [12], pure on-site interaction causes
phase transition at V00 = 3.78κ [13] which corresponds
to ε = 0.91 in our notation (see the description of the in-
teractions after eq. (3)). One can conclude that decrease
of σ˜ in the case of short-range interactions is connected
to proximity to the AFM phase transition. Thus, our
calculations are accurate enough to agree with analyti-
cal results [23]; beyond the phase transition, perturbative
arguments of that work are no more valid.
4. CONCLUSIONS
To conclude, straightforward Quantum Monte Carlo
calculations of optical conductivity for interacting elec-
trons on honeycomb lattice show a very weak dependence
on the coupling constant. Numerical data completely
rules out the “strong renormalization” scenario. It can be
consistent with both an accidental “almost cancellation”
of self-energy and vertex corrections leading to a small
coefficient C in Eq.(2) and an exact calculation due to
Ward identity, similar to the case of Hubbard model [23].
It is not clear yet, however, why such exact cancellation
should take place for long-range interactions. We hope
that computational results presented here will stimulate
further analytical studies of this very complicated and
controversial issue.
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